Abstract. Let M be a closed manifold and α ∶ π1(M ) → Un a representation. We give a purely K-theoretic description of the associated element [α] in the K-theory of M with R Z-coefficients. To that end, it is convenient to describe the R Z-K-theory as a relative K-theory with respect to the inclusion of C in a finite von Neumann algebra B. We use the following fact: there is, associated with α, a finite von Neumann algebra B together with a flat bundle E → M with fibers B, such that Eα ⊗ E is canonically isomorphic with C n ⊗ E , where Eα denotes the flat bundle with fiber C n associated with α. We also discuss the spectral flow and rho type description of the pairing of the class [α] with the K-homology class of an elliptic selfadjoint (pseudo)-differential operator D of order 1.
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[α] new in K
Introduction
Secondary invariants of geometric elliptic operators, such as the rho invariant of a unitary representation α ∶ Γ → U n of the fundamental group, gain stability properties only when reduced modulo Z. Indeed, Atiyah, Patodi and Singer in the seminal papers [APS2, APS3] proved that the modulo Z class of the reduced rho invariant of an elliptic selfadjoint operator D can be described as the pairing of the K-homology class [D] with a K-theory class [α] with R Z-coefficients associated with α. This result is called the index theorem for flat bundles. The construction of [α] ∈ K 1 (M, R Z) is using cohomology, and is based on the fact that K-theory with real coefficients is isomorphic to H * (M ; R).
The model of K * is based on the idea that E α defines a torsion element in the reduced K-theory of M , in fact there exists k ∈ N * such that the sum of k copies of E α is trivial. The class of E α in K-theory with Z kZ-coefficients is then added to the transgression form corresponding to the two flat connections on the trivial bundle with fiber C nk thus obtained.
Our main result is the direct description of the element [α] ∈ K 1 (M ; R Z) associated with α: this is given by the pair of bundles E α , C n with the (almost) canonical isomorphism after tensoring with a II 1 -factor B. Our construction consists of the following points:
(1) there is a canonical flat bundle E with fiber a II 1 -factor B associated with a morphism u ∶ Γ → U (B) (where U is the unitary group of B); (2) there is a canonical isomorphism E α ⊗ E → C n ⊗ E; (3) the bundle E is trivial in K-theory and may actually be assumed to be trivial.
The II 1 -factor B can be taken to be L ∞ (U n ) ⋊ Γ -i.e. the II 1 von Neumann algebra Morita equivalent to the foliated flat bundleM × α U n -and the bundle E encodes the bundle of frames for E α .
The canonical isomorphism in (2) derives from the fact that a vector bundle becomes trivial when it is lifted to the bundle of frames.
The point (3) is based on the fact that a flat bundle with fibers a II 1 -factor is trivial in K-theory. This is easily seen applying Atiyah's L 2 -index theorem for covering spaces [Ati] (and its generalizations [Lü, Sc] by Lück and Schick to every trace on C * (Γ) ( 1 )), together with the property that K-homology separates points of K * (M ; R). Conversely, Chern-Weil theory can be used to prove the same result, and this in turn gives a different proof of the L 2 -index theorem and its generalizations.
We then establish the independence from all choices involved in the construction of [α] , and further show -using a Chern-Simons transgression argument with coefficients in von Neumann algebras -that our element is the same as the one constructed by Atiyah, Patodi and Singer.
We finally pair the K-theory class [α] with a K-homology class [D] ∈ K * (M ) represented by a first order elliptic operator. The pairing is realized as a Kasparov product
To compute the intersection product [α] ⊗ [D] , it is convenient to look at [α] in KK(C, Z i 0 ⊗ C(M )), the K-theory of the double cylinder of the inclusion C(M ) ↪ C(M ) ⊗ B. This provides a path which interpolates between the operator D α obtained as a twisted tensor product of D by the flat bundle E α , and the operator D n obtained by tensoring D by the trivial bundle of rank n = rk(E α ). The KK-product puts D α and D n as affiliated to the same II ∞ factor with (relatively) compact resolvent, that are bounded perturbations of each other since they have the same principal symbol. Furthermore, they have discrete spectrum and the corresponding spectral projections have integer von Neumann dimension since they are obtained by tensoring with B the Dirac operators D α and D n . The pairing, as an element of R Z, is given by a type II spectral flow: for every a ∈ R, there is a well defined index between the two projections
difference is relatively compact; this index does not depend on a up to Z.
1 As a side remark, we note that this result remains true for any trace on ℓ 1 (Γ) by showing that Atiyah's method extends.
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Finally, since the spectral flow of Dirac type operators is related through variational formulas to the eta invariant (see [BF, BGV, MZ2, CP1] ), we get the index theorem for flat bundles
Preliminary constructions
We start with some well known constructions for C * -algebras that we shall use in the following.
2.1. Full modules. Let A be a unital C * -algebra (or just a ring). A (right) A-module F is said to be full if span{ℓ(x),
Lemma 2.1. Let A be unital and F be a finitely generated projective full module over A. Let E, E ′ be finitely generated projective modules over A.
Proof. By hypothesis there exists a finitely generated projective G such that E⊕G ≃ E ′ ⊕G.
Write 1 = ∑ ℓ i (x i ) with ℓ 1 , . . . ℓ n ∈ F * and x i ∈ F ; thus we construct the module map
which is onto. Since G is finitely generated, there is a onto module map g ∶ A m → G; we deduce a surjective module map h∶ F nm → G.
Lemma 2.2. Let A be a unital C * -algebra, and E 1 and E 2 be finitely generated projective and full A-modules.
2.2. Mapping cones. The mapping cone of a morphism ϕ∶ A → B of (unital) C * -algebras, is the algebra
Definition 2.3. Given two morphisms ϕ i ∶ A i → B, i = 0, 1, define the double cylinder algebra as
When ϕ 0 = ϕ 1 = ϕ we will denote the double cylinder Z ϕ 0 ,ϕ 1 by Z ϕ . Note that for A 0 = 0 this construction is the cone C ϕ 1 . When A 0 = B and ϕ 0 is the identity of B, the double cylinder is sometimes called the mapping cylinder of ϕ 1 .
For the double cylinder Z ϕ there is a split exact sequence
with r(a, σ) = (0, σ, a) and π 1 (a 0 , σ, a 1 ) = a 1 , and the splitting given by s(a) = (a, ϕ(a), a)
Note that if ϕ is injective, then
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If B is a II 1 -factor, the inclusion
2.3. Relative K-theory. Although relative K-theory coincides with the K-theory of a mapping cone, it helps in giving a more direct description of some K-theory elements. For instance, it has been recently used by Deeley to construct a model of K-homology with R Z-coefficients [De, Prop. 2.2, Ex. 5.3] .
Let ϕ ∶ A → B be a homomorphism of unital C * -algebras. The group K 0 (ϕ) is given by generators and relations:
• Its generators are triples (E + , E − , u) where E + , E − are finitely generated projective A-modules, and u∶ E + ⊗ A B → E − ⊗ A B is an isomorphism.
• Addition is given by direct sums.
• A homotopy is a triple associated with the map
• Trivial elements are those triples (E + , E − , u) for which u = ϕ(v) for some isomorphism v∶ E + → E − . The group K 0 (ϕ) is formed as the set of those triples divided homotopy and addition of trivial triples.
• For non unital algebras, we just put K 0 (ϕ) = K 0 (φ), whereφ ∶Ã →B is obtained by adjoining units everywhere.
• The group K 1 (ϕ) is also formed in this way. Its generators are pairs (u, f ) where u is a unitary in M n (A) and f is a continuous path in the unitaries of M n (B) joining ϕ(u) to 1 n .
• There is a natural isomorphism K * (ϕ) ≃ K * (C ϕ ). This morphism is almost tautological for K 1 . For K 0 , it is described as follows. Assume that ϕ is unital and use the isomorphism 
2.4. The bootstrap category. The bootstrap category is the smallest class N of separable nuclear C * -algebras containing commutative ones and closed under KK-equivalence [Bl, 22.3.4] .
Every C * -algebra A in the bootstrap category satisfies the Künneth formula for tensor products [Bl, Theorem 23.1.3] 
where we denote K • = K 0 ⊕ K 1 as a graded group. Here α has degree 0, and σ has degree 1. If one of K • (A) and K • (B) is torsion free, then α is an isomorphism.
Remark 2.4. If A is in the bootstrap category and B is a von Neumann algebra, then K 1 (B) = 0 and K 0 (B) is torsion free, see section 2.5. Therefore
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consequently the K-groups uniquely split
It is easy to see that if A is properly infinite then K 0 (A) = 0 while it is always the case that K 1 (A) = 0. It follows that the K theory is reduced to that of the finite piece
If A is finite, there is a unique center valued trace tr 
If A is type II 1 , this is an isomorphism.
K-theory with coefficients
A model for the K-theory of a C * -algebra A with coefficients in a countable abelian group Λ is K * (A; Λ) ∶= K * (A ⊗ B Λ ) where B Λ is a C * -algebra in the bootstrap category with a specified isomorphism K 0 (B Λ ) ≃ Λ and such that K 1 (B Λ ) = 0. If Λ is uncountable, such a model can be provided using (uncountable) inductive limits.
In this section, we describe K-theory with R Z-coefficients in terms of von Neumann algebras. The two models coincide for C * -algebras in the bootstrap category. This von Neumann description is suitable for the construction of the K-theory class of a flat bundle given in section 5.
In order to relate our model with the one of Atiyah, Patodi and Singer [APS3, Sec. 5], we briefly discuss models for K-theory with coefficients in Q, R, Z nZ and Q Z and compare them with the respective versions in [APS2] .
3.1. K-theory with rational and real coefficients. For a (locally) compact space X,
for any C * -algebra A. Our description of K-theory with rational coefficients is the following.
Definition 3.1. Let D be the universal UHF algebra, i.e. the one which satisfies K 0 (D) = Q. It is obtained as an inductive limit of matrices,
, and therefore our K-theory with rational coefficients coincides with K AP S * (A, Q).
In order to describe K-theory with real coefficients, we use the following result:
Lemma 3.2. Let B be a II 1 -factor, and A be a C * -algebra in the bootstrap category. Then the group K * (A ⊗ B) is canonically isomorphic to K * (A) ⊗ R, and therefore it does not depend on B up to a canonical isomorphism.
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Proof. The Künneth isomorphism
is given by the canonical map
In particular, if B 1 is a II 1 -subfactor of B 2 , the induced map K * (A⊗B 1 ) → K * (A⊗B 2 ) is a canonical isomorphism, independent of the inclusion B 1 ⊂ B 2 . In the following, B will always denote a II 1 -factor. Then for A in the bootstrap category we can define, independently of B a model for K-theory with coefficients in R, which is naturally isomorphic with the APS one.
Definition 3.3. Let A be in the bootstrap category.
Let us relate it with the K-theory with Z nZ-coefficients as defined by Atiyah-PatodiSinger in [APS2, Sec. 5] .
Let
The K-theory of the cone algebras C in and C f * n are computed by means of the exact sequences of the cones and give
Note that the inclusion SM n (C) → C in induces the quotient map Z → Z nZ in K 1 , and therefore the isomorphism K 1 (C in ) ≃ Z nZ is canonical; in the same way, the isomorphism K 0 (C f * n ) ≃ Z nZ is canonical, and there is therefore a canonical isomorphism
It follows that C in and C f * n are naturally KK 1 -equivalent, or, equivalently, the algebras SC in and C f * n are canonically KK-equivalent. It is of course possible to give an explicit construction of the canonical element of KK
As a consequence, let A be any separable C * -algebra. Denote now with
In particular, for a (locally) compact space X, K *
In other words, the definition 3.4 of K-theory of Z nZ coefficients coincides (for abelian C * -algebras) with the one given in [APS2] .
3.3. K-theory with Q Z-coefficients.
Definition 3.5. Let A be in the bootstrap category. Let D be the universal UHF algebra, and A ↪ A ⊗ D the obvious inclusion, define
hal-00849933, version 1 -1 Aug 2013
Remark 3.6. For a (locally) compact space X, K * AP S (X, Q Z) is defined as the inductive limit of K * AP S (X, Z n!Z) [APS2, (5. 3)]. More generally, for every C * -algebra A, we may set
Observe that the construction in APS can be made using the projective limit. If
We have
3.4. K-theory with R Z-coefficients.
Definition 3.7. We propose the following realization of R Z-K-theory of a C * -algebra A in the bootstrap category.
where B is any II 1 -factor. Note that Definitions 3.3 and 3.7 are well posed: first of all since A is nuclear there is no ambiguity in the C * -tensor product A ⊗ B. Furthermore the right hand side is in both definitions independent, up to natural canonical isomorphism, of the factor B.
The latter definition is indeed a realization of R Z-K-theory. The Bochstein change of coefficients is the long exact sequence associated to the mapping cone C * -exact sequence. Atiyah, Patodi and Singer's description of R Z-K-theory goes back to an idea of Segal [APS3, Sec. 5] . It is made up of two addenda. The first component is the torsion part,
where p is the natural projection and j is the natural injection.
We may of course put
Finally we prove:
Proposition 3.8. For an algebra A in the bootstrap category, our realization of
Proof. Let D be the universal UHF algebra, B a II 1 -factor, and denote with i D ∶ C ↪ D and i B ∶ C ↪ B the obvious inclusions. It is enough to prove that
where p is induced from the natural map
To verify (3.6), consider the diagram
Moreover h is surjective. Therefore, we have an associated Mayer-Vietoris exact sequence.
Finally the Mayer-Vietoris sequence gives
Remark 3.9. There are in the literature several other realizations of R Z-K-theory: Karoubi's desription: is a cohomological interpretation based on Chern-Weil and Chern-Simons theory [Ka2] -this will be explained below. At first sight, it works only for manifolds but as pointed out by Atiyah Patodi and Singer it can be generalized to compact spaces by an embedding trick. Cycles for
where E, F are Hermitian bundles with Hermitian connections ∇ E , ∇ F and ω is a transgression odd degree differential form such that
A suitable notion of sum and equivalence of cycles is defined leading to an abelian group which is a realization of K 1 (X, R Z).
Basu's description: is a bundle theoretic relative description [Ba] . It can be thought of as a realization of the suggestion of Atiyah, Patodi and Singer to describe K 1 (X, R Z) with bundles of von Neumann algebras. Cycles are couples of finite rank vector bundles E, F such that there exists a von Neumann bundle V (relative to a semi-finite or II ∞ von Neumann algebra) such that E ⊗ V ≃ F ⊗ V . Addition of cycles is defined by direct sum and there is a natural equivalence relation. The equivalence classes form a group which is a realization of K 1 (X, R Z).
3.5. Chern-Weil theory. Let M be a closed manifold. Then the group K * (C(M ), R) as defined above is isomorphic to K *
. This is in turn isomorphic to H * (M ; R) using Chern-Weil theory.
Let A be a unital C * -algebra. Let W → M be a smooth bundle of finitely generated Hilbert A-modules over the manifold M : using the Serre-Swann theorem, this is a finitely generated projective module over C ∞ (M ; A), endowed with a nondegenerate C ∞ (M ) valued scalar product. We refer to [MF] and [Sc, Sections 2, 3] for the general theory of such bundles. A connection ∇ is extended as usual to forms
The curvature ∇ 2 is a 2-form with values endomorphisms. If the connection is metric, the curvature is skew-adjoint.
is well defined as a finite sum. A trace τ ∶ A → C extends to M n (A) and therefore to End A (E) ≃ pM n (A)p for every finitely generated projective A-module E ≃ pA n (where p ∈ M n (A) is a projection). If W → M is a finitely generated projective A-module bundle, we thus obtain a well hal-00849933, version 1 -1 Aug 2013 defined trace, which is a C(M )-linear map still denoted τ ∶ End A (W ) → C(M ). The Chern character of W associated with τ is defined as follows. Put
From the trace property it follows that the Chern form is closed. Its cohomology class does not depend on the connection. If τ is self adjoint, this class is seen to be real by taking ∇ metric.
Hilbert A-module bundles define the K-theory of a compact space with coefficients in A. Indeed K(M ; A) is the K-group of the category of finitely generated projective Hilbert A-module bundles. The Serre-Swann functor sending a bundle to the module of its continuous functions establishes a canonical isomorphism
If A is a II 1 -factor, from the commutativity of the diagram
one gets that Ch τ is an isomorphism. 3.5.2. Chern-Weil theory for K 1 . The odd K-theory with coefficients in A is defined by
where SA = C 0 (R; A) is the suspension of A.
We then write K
(M, C) is obtained by integration along the S 1 fibers. Using these identifications, if τ is a trace on A, we have a commuting diagram:
which defines the odd Ch od τ in the bottom line. In particular, if A is a II 1 -factor, then Ch τ is an isomorphism.
Let W → S 1 × M be a smooth bundle of finitely generated Hilbert A-modules over 
3.5.3. Chern-Simons class. Let A a C * -algebra and τ ∶ A → C a continuous trace. For a bundle E of finitely generated projective Hilbert A-modules equipped with two connections ∇ 0 , ∇ 1 , the odd Chern-Simons differential form is
where are flat Hilbert A-module bundles and α∶ W → V is a isomorphism which does not necessarely preserve the connection, we use (3.9) to define the closed form
From the above discussion we immediately get Proposition 3.11. If α ∶ V → V is an automorphism of a flat Hilbert A-module bundle, then α defines a class in K 1 (C(M ) ⊗ A) and the classes Ch τ (α) and
Atiyah's theorem for covering spaces
A key ingredient in our construction of the element [α] ∈ K 1 (M ; R Z) is the fact that every flat bundle on M with fibers a (finite) von Neumann algebra is trivial (in K-theory).
In fact this statement is equivalent to Atiyah's theorem on covering spaces [Ati] (more precisely, to the versions of Lück and Schick in [Lü, Sc] ). See also remark 4.3 below for a further generalization. Let M be a closed manifold with π 1 (M ) = Γ. For an elliptic operator D acting on the sections of a bundle S → M , letD be the lift on the universal covering. Recall that the index class 
whereQ is any almost local parametrix ofD and S 0 = I −QD, S 1 = I −DQ are smoothing. Let now B a II 1 -factor. A morphism u ∶ Γ → U(B) is a representation of Γ and therefore extends to a * -morphismū ∶ C * Γ → B. Denote by E u the bundle E u ∶=M × u B over M with fiber B, let E u denote the corresponding (finitely generated projective right) (C(M ) ⊗ B)-module of sections of E u , and
Proof. The Chern character ch
is an isomorphism, as recalled in Section 3.5. Then the statement follows since E u is a flat bundle.
Remark 4.2.
• Atiyah's L 2 -index theorem (Lück's and Schick version [Lü, Sc] ) follows immediately from Lemma 4.1. In fact, given any trace τ on C * (Γ), we may construct a II 1 -factor B with a trace-preserving embedding C * (Γ) → B. It immediately follows from Lemma 4.1 and formula (4.1) that IndD B = Ind D.
• Conversely, Lemma 4.1 follows from Atiyah's L 2 -index theorem (Lück's and Schick version [Lü, Sc] ). Indeed, for any trace τ on B, τ (Ind BD ) = τ (Ind D ⋅ [1]), and the result follows from the fact that the pairing map K
is finitely generated.
• It would be interesting to find a K-theoretic proof of Lemma 4.1 with the idea: find a bigger II 1 -factor B 1 , i.e. a II 1 -factor containing B, such that the bundle E u ⊗ C(M )⊗B C(M ) ⊗ B 1 becomes explicitly trivial.
Remark 4.3. (Atiyah's theorem for continuous traces on ℓ 1 (Γ)). The symmetric index of an elliptic (pseudo)-differential operator D is well defined as an element ind ℓ 1 (Γ) (D) of K 0 (ℓ 1 (Γ)) (see [CM] ). A continuous linear form on ℓ 1 (Γ) is of the form a ↦ ∑ g∈Γ a g f (g) for some f ∈ ℓ ∞ (Γ). The trace property holds if and only if f is constant on conjugacy classes. Let τ be a trace associated with f ∈ ℓ ∞ (Γ).
where T τ is defined as follows: let first p ∶M → M be the covering map. Note that Γ acts freely and properly onM and M = Γ M i.e. the fibers of p are the orbits of Γ.
Let G = Γ M 2 -where Γ acts diagonally onM ×M . Then G is a Lie groupoid and C ∞ c (G) is the algebra of Γ-invariant smooth kernels onM with a bounded support condition. Note (G) . Let x ∈M . Let ϕ x ∶ Γ → C be defined by ϕ x (g) = ϕ(gx, x). For h ∈ Γ and g ∈ Γ, we have ϕ(ghx, hx) = ϕ(h −1 ghx, x) and therefore τ (ϕ x ) = τ (ϕ hx ). We then put
Now, ifD andQ are taken local enough, we have R(x, gx) = 0 for all x ∈M and g ≠ 1, and therefore
where ε ∶ Γ → C is the trivial representation of Γ.
The triviality property of Lemma 4.1 is crucial in what will be our definition of the element in K 1 (M ; R Z) associated to flat a vector bundle.
Let M = Γ M be a closed manifold with π 1 (M ) = Γ and universal coverM . A flat bundle over M is just given by a homomorphism from Γ to the associated structure group.
Let B be a (finite) von Neumann algebra. A flat C(M ) ⊗ B module with fiber B n is given by a homomorphism u from Γ to the group U n (B) of unitaries of M n (B). The associated bundle isM × Γ B n ; the corresponding finitely generated projective module over C(M ) ⊗ B is the set of continuous maps f ∶M → B n such that f (gx) = u(g)f (x) for all g ∈ Γ and x ∈M . A flat isomorphism of flat bundles associated with u + ∶ Γ → U n (B) and u − ∶ Γ → U n (B) is given by a unitary v ∈ U n (B) intertwining the morphisms u + and u − .
We first observe the following Proposition 5.1. Let M be a compact manifold and B be a finite factor. Let E be a flat
Proof. Follows immediately from Lemma 4.1 using Lemma 2.2.
A flat Hermitian vector bundle E α → M is given by a homomorphism α∶ Γ → U n . In the following we denote with E 
By Proposition 5.1, up to tensoring B by M n , we have an isomorphism ϕ∶ C(M ) ⊗ B → E. Let w v be the isomorphism
Proof. a) Given a finite factor B and a flat C(M ) ⊗ B module E with fiber B associated with a morphism u ∶ Γ → U (B), the flat bundle
We therefore just have to construct a finite factor B with a morphism u ∶ Γ → U (B) and an element v ∈ U n (B), such that, for all g ∈ Γ, we have
Let Γ 1 = α(Γ) be the image of Γ in U n (with the discrete topology) and
The desired equality v(1 ⊗ u(g)) = (α(g) ⊗ u(g))v follows. By density of Γ 1 (discrete) in K (compact), we have that B 1 is a finite factor.
b) The choice of E is equivalent to the choice of a morphism u ∶ Γ → U (B); the choice of ϕ is equivalent to a continuous map ψ ∶M → U (B) such that ψ(gx) = u(g)ψ(x) for all g ∈ G and x ∈M . The element w
which satisfies ψ(gx) = (α(g) ⊗ 1)ψ(x) and thus defines an isomorphism of bundles E − ⊗ B → E + ⊗ B. Assume that we are given (B j , u j , v j , ψ j ) with j = 1, 2. Put B = B 1 ⊗B 2 (von Neumann tensor product of course), and define
We find in this way two new families (B, u, V 1 , ψ) and (B, u, V 2 , ψ) with the desired properties.
For
, and thus the elements of
Finally, write
. By connectedness of the unitary group of a von Neumann algebra, it follows that the elements of K 1 (M, R Z) corresponding to (B, u, V 1 , ψ) and (B, u, V 2 , ψ) coincide.
Definition 5.3. Given α∶ Γ → U n , E + and E − as above. For any E, ϕ, v as in Proposition 5.2. We define
Theorem 5.4. Let E α be a flat unitary vector bundle as above. Consider any other given data of: a finite factor B, a flat B-bundle F → M along with an isomorphism θ∶ E − ⊗ F → E + ⊗ F (not required to preserve connections), and a trivialization ψ∶ F → C(M ) ⊗ B, and denote with CS(θ * ∇ E + ⊗F ; ∇ E − ⊗F ) the Chern-Simons transgression form (formula 3.9).
Proof. Up to tensoring F by E given by proposition 5.2, we may assume that there is a flat connexion preserving isomorphism v∶ E + ⊗ F → E − ⊗ F. Let now B and F → M be fixed, and θ∶ E − ⊗ F → E + ⊗ F and v∶ E + ⊗ F → E − ⊗ F two isomorphisms, such that v is connexion preserving.
Put ℓ = v ○ θ; it is an automorphism of E − ⊗ F. As v * (∇ E − ⊗F ) = ∇ E + ⊗F , we find (using prop. 3.11)
This is the same class as the automorphism ℓ of E − ⊗ F.
The element [α] AP S is constructed in [APS3, 5] by means of an isomorphism
. We immediately find: 
of Section 5, where C i 0 is the mapping cone of the unital inclusion i 0 ∶ C → B -here B is a II 1 factor. In order to stay within unital algebras, we represent [α] in the K-theory of the double cylinder Z i 0 ⊗ C(M ), as we saw in (2.2). It is the image in the summand
The Kasparov product gives the natural pairing between the class [α] ∈ K 0 (C i 0 ⊗C(M )) and a K-homology class [D] ∈ K 1 (M ). In this section we describe and interpret it. In other words, we interpret the map A particularly important case for D in our discussion is the case of a Dirac type operator, i.e. an operator constructed in the following way:
• We assume that M is endowed with a Riemannian metric, • The bundle S is a Clifford bundle i.e. it is endowed with a linear bundle map cliff ∶ T * M → End(S) such that for every ξ ∈ T * x M then cliff(ξ) ∈ End(S x ) is a skew-adjoint and satisfies cliff(ξ)
• The bundle S is further endowed with a metric Clifford connection ∇ S in the sense of [BGV, Def. 3.39 ].
• The corresponding Dirac operator is given by D(s) = c(∇ S (s)) for any smooth section s of S. Let us distinguish different types of connections that arise in our discussion: Definition 6.1. Let A be a unital C * -algebra E a finitely generated projective module endowed with a compatible Hilbert A-module structure. Let V → M be a smooth bundle with fibers E.
• If D is a first order self-adjoint elliptic (classical) pseudodifferential operator acting on the sections of a hermitian vector bundle S → M , a pseudodifferential connection for D is a selfadjoint pseudodifferential A operator D V (in the sense of [MF] ) acting on the sections of the bundle V ⊗ S whose principal symbol is
• If D is Dirac type, then a Dirac type connection for D is an operator of the form (1 V ⊗c)○∇ V ⊗S where ∇ V ⊗S is a metric Clifford connection on the Clifford A-bundle
Of course, if D is Dirac type, then a Dirac type connection for D is a particular case of a pseudodifferential connection.
6.2. The pairing as an element of K 1 (Z i 0 ). The product (6.1) is computed by any choice of a D-connection G in the sense of [CS, Ku] on the Hilbert
Note that a pseudodifferential connection for D is a D-connection in the sense of [CS, Ku] (the converse is of course not true).
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We can take any G as follows. It will be of the form
v . To construct G 0 , we may just take any selfadjoint pseudodifferential operator D E + on E + ⊗ S whose principal symbol is 1 E + ⊗ σ D ; we may also assume that D is local enough (in particular if D is differential), so that there is a canonical choice for D E + , called the twisted tensor product of D with the flat bundle E + . Put then G 0 = D E + ⊗ 1 B . The operators G 0 and G 1 have the same principal symbol and therefore G 1 − G 0 is bounded. We may then choose any strongly continuous bounded path q t of selfadjoint operators acting on E + ⊗ S ⊗ B such that q 0 = 0, q 1 = G 1 − G 0 and set G t = G 0 + q t . In particular, we may define G t = (1 − t)G 0 + tG 1 .
6.3. The pairing as an element of R Z. Let us first recall a few facts about index in the type II setting:
Let B be a factor of type II 1 . Denote by τ the normalized trace on B. Let N = B⊗L(H) the associated factor of type II ∞ endowed with the trace Tr N = τ ⊗ Tr where Tr is the canonical trace on L(H). Let p = 1 ⊗ p 0 ∈ N , where p 0 is a minimal projection in L(H) and identify B with pN p.
Let P ± ∈ N be two projections such that P + − P − is in the ideal K N of generalized compact operators in N . Then ind(P + , P − ) is the index of q ∶ E + → E − where E ± = P ± N p considered a a Hilbert B-module and qx = P − x for x ∈ E + . Note that q is B-Fredholm with quasi-inverse x ↦ P + x. If P + −P − is in the domain of Tr N , then ind(P + , P − ) = Tr N (P + −P − ). 
therefore the resolvent of D + is in K N if and only if the resolvent of D − is. Assume this is the case. For a ∈ R, let χ a be defined by χ a (t) = 1 if t ≥ a and χ a (t) = 0 if t < a.
Then for all a ∈ R, we have χ a (D + ) − χ a (D − ) ∈ K N and we put
Note that for all a, b ∈ R, we have (by additivity of the index)
Let us now come to (V, G) as defined above. We easily find:
v , the spectra of G 0 and G 1 are discrete and the trace of all the spectral projections is integer. In other words, Tr N ((χ a − χ b )(G 0 )) ∈ Z and Tr N ((χ a − χ b )(G 1 )) ∈ Z, and therefore j(sf a (G 0 , G 1 )) ∈ R Z is independent of a ∈ R.
To see that the class
(1) there is a smooth function ϕ ∶ R → [−1 + 1] such that ϕ = −1 near −∞, ϕ = +1 near +∞, and ϕ = χ a in Sp(G 0 ) ∪ Sp(G 1 ). The class of the unbounded Kasparov module (V, G) is that of (V, ϕ(G)). (2) If sf a (G 0 , G 1 ) = 0, one can find a path P = (P t ) of projections in L(V ) such that t ↦ P t − P 0 is a norm continuous path with values in K((L 2 (M ; S ⊗ E + ) ⊗ B), and such that P 0 = χ a (G 0 ) and P 1 = χ a (G 1 ): the class of (V, ϕ(G)) coincides with the class of (V, 2P − 1) which is degenerate. (3) For λ ∈ R * + , let E λ be a finitely generated projective B-module with trace λ and denote V λ = C 0 (]0, 1[, E λ ). Let F λ ∈ L(V λ ) be given by (F λ ξ)(t) = (2t − 1)ξ(t). Then (V λ , F λ ) is the product of the (opposite of the) Bott element in K 1 (C 0 (]0, 1[) by E λ , and its class in K 1 (C 0 (]0, 1[) ⊗ B) = R is therefore equal to −λ. (4) If sf a (G 0 , G 1 ) = λ > 0, then the class of (V, ϕ(G)) ⊕ (V λ , F λ ) is 0 by (2), hence the class of (V, ϕ(G)) is j(λ). This is also true if sf a (G 0 , G 1 ) < 0 (for instance by replacing G by −G).
6.4. The pairing as a rho invariant. We will now explain how our approach can be used to establish the formula of Atiyah-Patodi-Singer in [APS3, Sec.5] .
We first recall the facts about the η invariant that will be used here. A very nice survey can be found in the first chapter and in appendix D of [Bo] .
(1) If P is an elliptic self-adjoint pseudodifferential operator of positive order, the eta function η(P, .) = Tr(P P If P 1 , P 0 are bounded perturbations of each other, then for any ε > 0, and any smooth path P t joining P 0 with P 1 (i.e. a path of the form t ↦ P 0 + Q t where t ↦ Q t is smooth) we have ([CP1, Cor. 8.10]) sf 0 (P 0 , P 1 ) = ξ ε (P 0 ) − ξ ε (P 1 ) + ε π By the locality property (5) of θ, and since G 0 is the twisted tensor product of P with the flat bundle E + andG is the twisted tensor product of P ′ with the flat bundle E + , we find θ(G 0 ,G) = nθ(P, P ′ ). And finally θ(G 0 , G 1 ) = 0.
